A nonlinear strain compatibility model is considered to investigate the behavior of reinforced concrete deep beams. It is based on satisfying equilibrium of stresses and compatibility of strains at all layers of the beam cross-section. A VISUAL BASIC code is developed for this model. Strain distribution over the cross section depth in deep beams is different from shallow beams, and varies according to the case of loading, the span-to-depth ratio (L/h), and the structural system. The experimental values of strain over the cross-section depth for different cases for simply supported deep beams, are extracted from the available literature. Based on these values, simplified equations for strain profiles for each case is proposed to use them in the present model. A key feature of the model is the ability to illustrate the effect of shear deformation of the cross section. The model is validated by comparing predicted results with experimental ones from literature in terms of load-displacement.
INTRODUCTION
Deep beams are desired in huge construction such as gravity concrete foundation, bridges, and multipurpose high-rise buildings [1] . These have many purposive applications in building structures such as transfer girders, wall footings, foundation pile caps, water tanks, bins, folded plate roof structures, floor diaphragms, brackets or corbels, and shear walls. Deep beams are defined as a load transferring structural elements which transfer a huge amount of load by compression struts to the supports with little flexure. They are characterized as being relatively short, deep, and their thickness is small relative to their span and depth. They are two dimensional members in a state of plane stress in which shear is an effective feature [2] . The behavior of deep beam is different from that of common flexural members; the strength of deep beams is basically controlled by shear rather than flexure when sufficient There is much experimental and theoretical work in literature to measure the values of strain over the deep beams cross section for various span-to-depth ratios. in 1932, Dischinger used trigonometric series to estimate the stresses in continuous deep beam. Then, the Portland Cement Association (PCA) prepared an expanded version of Dischinger's paper and added solution for simply supported deep beams [ 4 ] . Chow et al. (1951) studied five cases of loading, and three different span-to-depth ratios were examined by using the finite difference method to solve differential equation for the stress function to solve simply supported deep beam problems. Distributions and magnitudes of flexure and shear stresses were presented in a form suitable for direct use in design [5] . Saad and Hendry (1961) presented the results of a series of photoelastic tests and showed on a number of sections a stress distribution comparison between the theoretical and experimental ones. Tests were carried out on three simply supported beams its ratios of depth h to span L were 0.67:1, 1:1, and 1.59:1 subjected to single concentrated load [6] . Mufti (1965) tested number of deep beams of different materials. Square RC deep beam under one-point loading was experimentally studied, stress distribution over the beam depth was measured also [7] . Mohammad et al. (2011) conducted an experimental work to investigate the behavior, design, and analysis of high strength self-compacted concrete reinforced deep beams. These beams were subjected to two -point symmetric top loading with special attention to strain distribution and neutral axis depth variation [ 4 ] . conducted Experimental research to determine the strength of deep beam designed by using strut -and -tie method and performed a parametric study to get strain distribution in case of deep beam also [8] .
Previous researches confirmed that The behavior of reinforced concrete deep beams is more complex and differ from that of RC ordinary beams in many items. In deep beams, the transverse sections which are plane before bending do not remain plane after bending [9] . The neutral axis does not typically lie at mid-height of the deep beam cross section depth and moves away from the loading surface as the span to depth ratio (L/h) decreases [9] . Also, flexural stresses and strains are not linearly distributed over the deep beam depth [9] . Recently, researches on deep beams using finite element method are most common to find a description of reinforced concrete deep beams behavior of various span-to-depth ratios. analyzed reinforced concrete simply supported deep beams subjected to two point loads using finite element method. The behavior of deep beam was studied by considering flexural stress, flexural strain, and shear stress variations at different sections for various span to depth ratios and compared the results with Euler-Bernoulli Theory [2] . Kore and Patil (2013) used non-linear finite element method to do analysis and design of beams subjected to two points loading with three different L/h ratios [10] . Kusanale et al. (2014) analyzed and designed R.C simply supported deep beam subjected to two-point loading, with varying L/h ratio by using software Hypermesh11-Radioss ® [9] . Demir et al. (2016) performed nonlinear finite element analysis to represent the behavior of reinforced concrete deep beams subjected to one-point loading by using a commercial FE program ABAQUS ® [11] . In previous researches on deep beams using finite element method in literature, deep beams were considered to be plane stress problems.
In 2010, Sharaf proposed an analytical model for sandwich panels composed of a polyurethane foam core and glass fibre-reinforced polymer (GFRP) skins. The model based on equilibrium and strain compatibility, accounting for the core excessive shear [12] . In this study, Sharaf 's model is developed to be suitable for reinforced concrete deep beam. Beam is modeled in this study like a bar element with satisfying equilibrium of stresses and compatibility of strains at all layers of the beam cross-section using nonlinear strain distribution model. In this model, shear deformations of the cross section are considered also.
2.
MATERIAL MODELING
Concrete in compression
For unconfined concrete, the model of Hognestad (1951) is considered. The model assumes ascending and descending branch as a second-order parabola and an oblique straight line, respectively as shown in Figure1a [13] .
For confined concrete, Scott et al. (1982) model is considered. The ascending branch of the model is represented by the same second degree parabola but the maximum stress for concrete is assumed to be `. The strain corresponding to maximum concrete stress is 2(`/ ) , where ` is the uniaxial concrete cylinder compressive strength, is The initial modulus of elasticity for concrete, and K is a factor greater than 1.00. Confinement affected the slope of the post-peak branch and empirical equations were used to present this as shown in Figure1a [14] .
Concrete in tension
A linear model for tensile strain is considered as shown in Figure1b. Where is the concrete tensile strength and is the strain corresponding to tensile strength [15] . 
Reinforcing steel
An elastic-perfectly plastic model is considered with a slight slope as shown in Figure 2 . Where, is The initial modulus of elasticity for steel, is The modulus of elasticity for steel after yield point, is yield stress, is the strain corresponding to yield stress, and is the ultimate strain in steel at failure.
Figure 2:
Theoretical stress-strain model of reinforcement used in this study [16] 3. REINFORCED CONCRETE SECTION
Strain Profile
The shape of strain profile over the cross section of deep beams is different according to the case of loading, the spanto-depth ratio (L/h), and the structural system. The experimental values of stress over the cross-section depth at mid-span for different cases of loading and different spanto-depth ratio for simply supported deep beams are extracted from the available literature. These values are used to propose simplified equations for strain profile for each case to study the effect of changing the shape of strain distribution on estimating the response of the deep beams in the present model.
For beams under one-point loading, with span-to-depth ratio ≥ 4.00, strain distribution, as shown in Figure 3 , is assumed to be linear as follows:
Where;
ɛ Strain value at a specific layer over the cross section of the beam at the height y from neutral axis.
ɛ Compression strain value at the top surface of the cross section.
The distance from the neutral axis to the top surface of the cross section.
The distance from the neutral axis to a specific layer; it has positive sign in compression side (top side), and negative sign in tension side (bottom side).
Based on the stress distributions shown in Figure 3 [17], it is proposed the following simpilified equations (2, 3) for strain distribution for deep beams subjected to two-points load or uniform distributed load with span-to-depth ratios equal to (2.00, 1.00) respectively, as shown in Figure 3 to use it in the present analysis. In deep beams with span-to-depth ratio value between the values mentioned in experimental works, it is proposed to establish a proportional equation for strain profile.
Meshing of Deep Beams
A layer-by-layer approach is adopted to integrate stresses over the cross-sectional areas of RC deep beam. The crosssection is divided into number of layers of concrete and steel (horizontal steel) according to their location. The model assumes a plane stress problem where a constant strain occurs in the cross section width direction. The span length also divided into numbers of segments according to existing vertical steel bars (stirrups) and its diameter, as shown in Figure 5 . 
Force Equilibrium and Moments
Every cross-section of the deep beam undergoes a specific strain distribution induced in the deep beam at a given load level. Only two independent parameters are needed to establish a complete strain profile. Namely, the strain at any level, say at the extreme top face and the neutral axis location. From these two parameters , , the strain at any layer i, located at a distance from the N.A, can then be determined. The normal stress in any element, either concrete or steel, is then calculated from the corresponding normal stress-strain curve, whether in tension or compression. The total cross-section force at a given stage of loading can be obtained by numerical integration of stresses over the cross section, for both concrete and steel elements. The resultant force must equal to zero in flexure to satisfy equilibrium and The corresponding moment M is calculated. Then the curvature = ( ℎ − ⁄ ) is calculated and then momentcurvature response for deep beam cross section is constructed. Where is the tensile strain at the bottom surface of the deep beam cross section and h is the beam depth.
Generation of Full Load-Deflection Response
The load-deflection response of the deep beam consists of two components, a flexural component and a shear component. In reinforced concrete shallow beams, deflections are dominated by the flexural contribution and the deflection due to shear is usually small and typically neglected. However, in deep beams, the shear displacement contribution to the overall displacement is significant and cannot be neglected.
Flexural Effect
Once the moment-curvature of the cross-section is obtained, the load-deflection response of the deep beam due to flexure only can be estimated for a given loading scheme. The deflection ( ) at any point along the span is calculated by integrating the curvatures ( ) along the span using double integration method [12] :
Where, dx is the length of each segment l along the span as shown in Figure 5. 
Shear Effect
The second component of the load-deflection curve is the deflection due to shear deformation as a result of the low span to depth ratio in deep beams. The deflection of any segment l along the span, and at a layer i along the depth, due to shear stress, , , , in the interval dx along the span is equal to:
Where the shear strain , can be calculated from the shear stress , at a specific layer i at a given segment l under a specific loading condition [12] .
The shear stress , at any layer i at any segment l along the span can be calculated as follows:
Where is the applied shear force at segment l of the deep beam.
, , is the first moment of area for the transformed cross-section at specific layer i, at which shear deflection needs to be calculated about the neutral axis of the transformed section. , is the moment of inertia for the transformed cross-section and , , is the width of the transformed cross section at that layer i.
The transformed section is established by transforming the width , of each concrete or steel layer i at any segment l to a unified concrete material. this based on the initial material stiffness of the concrete in compression, using the following equation [12] :
Where , is the original cross-section width at segment l for layer i and , , is the transformed cross-section width at segment l for layer i. , is the secant modulus of elasticity of the normal stress-strain curve of the concrete or the steel, in tension or compression, at segment l depending on the location of layer i relative to neutral axis. , is established from the material curve of the concrete or the steel at the specific normal strain , of layer i at segment l at this particular loading level.
is the reference modulus which is the initial modulus of the concrete in compression. After calculating the shear stress, the corresponding shear strain , can be calculated as follows:
Where , is the shear modulus of the concrete or the steel, at segment l depending on the location of layer i relative to neutral axis, calculated as follows [15] :
, Where ʋ is the Poisson ratio for concrete or steel.
At layer which , < 0.1 , concrete layers are neglected in shear deformation calculation.
Shear strain used to compute the shear deflection of that specific layer i. To calculate the total shear deflection of layer i at mid-span of the deep beam (span/2), the shear deflection for each segment should be summed in the longitudinal direction of the deep beam.
Where
, is the total shear deflection of layer i specifically at mid-span, and m is the total number of segment along the half span [12] .
As such, at any layer i, the shear deflection values will be different from one layer to the other, which is obviously impossible because each layer is joined to the adjacent layers and the whole cross-section must be continuous, without any gaps or overlaps. As a result, The top deflection due to shear forces at any segment, , , can be assumed as the average deflection of all layers above the neutral axis. The bottom deflection at the same segment, , , , is the average deflection of all layers below the neutral axis, as follows:
Where is the number of layers above the neutral axis and is the number of layers below the neutral axis. The total shear deflections at the deep beam mid-span at top and bottom, respectively: Where , , , , and , are the total top, bottom, and average deflections due to shear, at the beam mid-span, respectively.
The final deflection will be the sum of two previous deflections, namely due to flexure and shear, as follows:
Where , and , , are deflections at segment l due to flexure and shear from the average of all layers in the section respectively. Foster (1996) tested simply supported deep beams of different span-to-depth ratios and reinforcement arrangement under one-point loading [18] . Beam (B3.0B-5), Beam (B2.0B-5) and Beam (B1.2-3) are selected to do comparisons between the experimental results and the results obtained from the program developed for this study in terms of load vs. mid-span deflection curves. Their geometry and dimensions shown in Figure 6 . Details of the beams are shown in Tables (1,2 and 3) as mentioned in experimental work [18] . According to span-to-depth ratio (L/h), strain distribution is chosen. For deep beam (B3.0B-5), because its span-todepth ratio equals to 3.36, Strain distribution is assumed to be linear. For deep beams (B2.0B-5), (B1.2-3), because its span-to-depth ratios are (2.36 and 1.42 respectively) between 1.00 (equation (4)) and 4.00 (equation (1) Figure 8 . The cylinder's strength was found to vary between 53 MPa to 55 MPa, the yield strength of deformed steel bars was 500 MPa [19] . According to span-to-depth ratio (L/h), strain distribution is chosen. Because this deep beam has span-todepth ratio equals to 4.00, Strain distribution is assumed to be linear (Eq.1).
VALIDATION OF THE MODELS

Figure 8: Geometry and dimensions of the beam [19]
Beam (B3-0.5) is selected from deep beams tested by Gedik (2011) to do comparison with the results of the analytical model. Dimensions and details of the specimen are shown in Figure 9 . The compressive strength for concrete is 32.6 MPa. The yield strength of deformed steel bars used as main tensile reinforcement was 372.2 MPa [20] . Because of its span-to-depth ratio between 1.00 and 2.00, the strain profile is estimated in the following Eq. 21 by interpolation to represent strain distribution over the beam depth in this case (L/h = 1.3) as shown in Figure 10 . 
Load deflection Response
Figures (11, 12, 13, 14 and 15) show verification results of the analytical model for the deep beams mentioned earlier for validating the model with test results in terms of load vs. mid-span deflection curves. Good agreement is achieved between the analytical model proposed in this study and the experimental test results. Figures (12a, 13a and 15a ) present the effect of changing strain profile on load-midspan deflection response, while Figures (11, 12b, 13b, 14 and Strain profile for L/h =1.00 [7] Strain profile for L/h =4.00 [17] Strain Strain profile for L/h =1.00 [17] Strain profile for L/h =4.00 [17] Strain profile for L/h =2.00 [17] Strain profile proposed for L/h =1.3 -Beam B3-0.5 (Eq.21) 15b) show the effect of shear deformation on total midspan deflection estimated by using proposed strain profile in the present model. The ratios of the model to experimental failure load are 1.06, 1.09, 1.00, 1.04 and 1.24 respectively. From these results, it can be concluded that the model developed gives reasonably accurate estimations for the displacement especially at lower loads before cracking load. At higher loads, the model shows higher stiffness until failure. This may have been caused by the approximate geometric idealization of the beam used in the program. The higher stiffness in numerical models may stem from microcracks reducing the stiffness of the RC member. It is known that they are present in the experimental concrete works, while numerical models do not include them. Moreover, some unknown factors may have reduced the stiffness of the experimental specimens. it is shown that using non-linear strain distribution for deep beams makes Load-midspan deflection curves approaching to the experimental curves.
Shear deformation effect
In the case of one-point loading deep beams, the effect of the shear deformation in total mid-span deflection is more pronounced than the cases of two-point loading deep beams. Table 4 shows proportions of deflection due to flexure and deflection due to shear in overall deflection of the beams which were analyzed, respectively. These percentages for each beam are the average of the percentage values at all load stages. It is found that as the ratio of the span-to-depth ratio decreases, the effect of the shear deformation in total mid-span deflection increases. 
CONCLUSION
A nonlinear analysis is developed to predict the behavior of deep beams under point loads for different span-to-depth ratios and arrangement of reinforcement. The model proposed is simple, easy to use, and has the ability to illustrate the effect of shear deformation of the cross section. The model can isolate this shear contribution to deflection easily, and show it as a separate component. Reasonable agreement is achieved between the analytical model and the experimental test results. It is found that the strain profile for deep beams varies according to cases of loading and span-to-depth ratio. Using equations proposed in this study to represent strain distribution gives more accurate and reliable predictions of the experimental test results than linear distribution. 
